Using the recently extended series for the susceptibility and for the second correlation moment, we also compute the dimensionless renormalized four point coupling constants and some universal ratios of scaling correction amplitudes in fair agreement with recent renormalization group estimates.
I. INTRODUCTION
We have recently extended the computation of high temperature (HT) series for the N -vector model 1 with arbitrary spin dimensionality N on the d-dimensional bipartite lattices, namely on the simple cubic (sc) lattice, on the body centered cubic (bcc) lattice and on their d-dimensional generalizations. In previous papers we have tabulated through order β 21 the series for the zero field susceptibility χ(N, β) and for the second moment of the correlation function µ 2 (N, β) and we have analyzed their critical behavior in the d = 2 case 2 and in the d = 3 case 3 . Here we present a study of the second field derivative of the susceptibility χ 4 (N, β) whose HT expansion on the sc and the bcc lattices we have extended through order β 17 . A study of χ 4 (N, β) in the d = 2 case had been discussed in Ref. 2 . It is interesting to point out that, in all analyses presented below, the bcc lattice series appear to be better converged than the sc lattice series and lead to estimates of critical parameters which are likely to be more accurate. In other words, the bcc series seem to be always "effectively longer" 4 and therefore give estimates of greater value than the sc series. The list of the expansions of χ 4 (N, β) in d = 3 published up to now is a short one. A decade ago M. Lüscher and P. Weisz 5 (see also Refs. 6 ) derived HT expansions of χ 4 (N, β) through β 14 , for any N , on the sc lattice in d = 2, 3, and 4 dimensions by using a linked cluster expansion(LCE) technique 5, [7] [8] [9] [10] [11] [12] . In the N = 1 case, [corresponding to the Ising spin 1/2 model] the series for the sc lattice published before our work already extended through β 1713, 14 and has been analyzed by various authors [14] [15] [16] . Finally in the Ising model case, a series to order β 13 on the bcc lattice and a series to order β 10 on the face centered cubic (fcc) lattice 13, 15, 17 have long been available. In our calculation we have also used the (vertex renormalized) LCE technique and have developed algorithms which are equally efficient in a wide range of space dimensionalities. So far other expansion methods have given competitive (or sometimes superior) performance only for discrete site variables and for very simple interactions, on two-dimensional or low coordination number lattices. By the LCE method we have produced tables of series expansion coefficients given as explicit functions of the spin dimensionality N , with an extension independent of the structure and dimensionality of the lattice. Thus we have succeeded in efficiently condensing a large body of information concerning infinitely many universality classes. We consider these coefficient tables to be the main result of our work and, in spite of their considerable extent, we have reported them in the appendix in order to make each step of our work verifiable and reproducible. The size of our computation has been unusually vast: approximately 3×10 6 topologically inequivalent graphs have been listed and evaluated. Nevertheless, we are confident that our series have been correctly computed, not only because our codes have been thoroughly tested, but also because N and d enter in the whole computational procedure as parameters. As a consequence, at least simple partial checks are available by observing that our expansion coefficients, when specialized to N = 1 agree with the series O(β 17 ) already available in 3 (as well as in 2) dimensions and, for N → ∞, agree with the spherical model 18, 19 series which can be readily calculated in any dimension. More comments on the comparison of our results with the existing series, can be found in our paper 2 devoted to the two-dimensional N −vector model. A valuable justification of our work is that an increasingly accurate study of the critical behavior of χ 4 (N, β) can offer, for all values of N , a sharper test of the hyperscaling exponent relation dν(N ) + γ(N ) − 2∆ 4 (N ) = 0. Here γ(N ) and ν(N ) characterize the critical singularities in χ(N, β) and ξ(N, β) respectively, while ∆ 4 (N ) is the gap exponent associated with the critical behavior of the higher field derivatives of the free energy. It is also of great interest to measure accurately the critical amplitude of χ 4 (N, β), which together with the amplitudes of χ(N, β) and ξ(N, β), enters into the definition of the universal dimensionless renormalized four point coupling constant g r (N ). Indeed the uncertainties, probably still of the order of 1%, in the value of this quantity might be the main residual source of error 20, 21 in the present computation of the critical exponents within the renormalization group (RG) approach by the Parisi 22 fixed dimension (FD) coupling constant expansion [23] [24] [25] [26] [27] . Murray and Nickel 20 have recently pushed to seven loop order these calculations and the impact of the additional terms on the estimates of the critical exponents and of some universal amplitude combinations has been critically assessed by Guida and Zinn-Justin 21 . As has been stressed many times in the past two decades [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] and, more recently, also in Ref. 3 , in order to improve the precision of the estimates obtainable from HT expansions not only longer series should be computed, but also more careful allowance should be made for the singular corrections to scaling. Their presence is expected 39 and, unsurprisingly, they turn out to be important in various cases. Therefore in this analysis we have also studied their role and have estimated their amplitudes in the case of g r (N ), both on the sc and the bcc lattice. Moreover, it is of some interest to compute the ratios of these correction amplitudes with the analogous quantities for χ and ξ, which define interesting universal quantities, still subject to significant uncertainty and so far not much studied by HT series methods. We recall that most existing results on the universal combinations of the critical and the correction amplitudes are reviewed and thoroughly discussed in Refs.
21,25,40
The paper is organized as follows: In section 2 we present our notation and define the quantities we shall study. In section 3 we briefly discuss the simplified doubly biased differential approximants which we have used for our estimates beside more traditional numerical tools. Our analysis of the series is presented in section 4 along with a comparison to earlier series work, to measures performed in stochastic simulations and to RG estimates, both by the FD perturbative technique and by the Fisher-Wilson 41 -expansion approach [24] [25] [26] 42, 43 . Let us mention that, very recently, the -expansion of g r (N ) has been extended by Pelissetto and Vicari 44 from order 245 to order 4 , so that we are able to compare our HT results also with their estimates.
Our conclusions are briefly summarized in section 5. In the appendix we have reported the HT series coefficients of 6 which, unfortunately, contains a few misprints.
II. DEFINITIONS AND NOTATION
We list here our definitions and notation. As the Hamiltonian H of the N -vector model we take:
where v( x) is a N-component classical spin of unit length at the lattice site with position vector x, and the sum extends to all nearest neighbor pairs of sites.
The susceptibility is defined by
where v(0) · v( x) c is the connected correlation function between the spin at the origin and the spin at the site x. If we introduce the reduced inverse temperature τ
here and in what follows # stands for either sc or bcc, as appropriate, then χ(N, β) is expected to behave like
when
is the critical amplitude of the susceptibility, a # χ (N ) is the amplitude of the leading singular correction to scaling, θ(N ) is the exponent of this correction (also called confluent singularity exponent) and e # χ (N ) is the amplitude of the leading regular correction. The dots represent higher order singular or analytic correction terms. The confluent terms result from the irrelevant variables 39 . Let us recall that not only the critical exponent γ(N ), but also the leading confluent correction exponent θ(N ) is universal (for each N ). On the other hand, the critical amplitudes
, etc. are expected to depend on the parameters of the Hamiltonian and on the lattice structure, i.e. they are non-universal. Similar considerations also apply to the other thermodynamic quantities listed below, which have different critical exponents and different critical amplitudes, but the same leading confluent exponent θ(N ). It is known that θ(N ) 0.5 for small values of N 25 and, in the context of the large N -expansion 47 , one can also infer that θ(N ) = 1 + O(1/N ). Since we have clearly stated which quantities are universal, from now on we shall generally omit the superscript # in order to keep the formulas more legible. Notice also that, since there is no chance of confusion, we have systematically omitted the superscript + usually adopted for the amplitudes which characterize the high temperature side of the critical point.
The second moment of the correlation function is defined by
In the vicinity of the critical point µ 2 is expected to behave as
as τ ↓ 0.
In terms of χ and µ 2 , the second moment correlation length ξ is defined 48 by
In the vicinity of the critical point ξ is expected to behave as
The second field derivative of the susceptibility is defined by
Notice that this definition differs by a factor 1/N 2 from that used in Ref. 5 . It is well known 18, 19 that, for N → ∞ at fixedβ ≡ β/N , χ(N, β) has a finite non trivial limitχ(β). On the other hand, as expected, in the same limit we have χ 4 (N, β) = O(1/N ). It is the quantity N χ 4 (N, β) that has a finite limit χ 4 (β) simply expressed asχ
Also the N → 0 limit, at fixedβ, exists 46 and the quantitŷ
c N1N2β N1+N2 (10) has the following interpretation 49, 50 : c N1N2 is the number of pairs (ω (1) , ω (2) ) of self avoiding walks such that ω (1) is a N 1 -step walk starting at the origin and ω (2) is a N 2 -step walk starting anywhere and crossing ω (1) . In the vicinity of the critical point χ 4 (N, β) is expected to behave as
In terms of χ, ξ and χ 4 the "dimensionless renormalized four point coupling constant" g r (N ) is defined as the value of
at the critical point β c (N ). Here f (N ) =
N+8
48π is a normalization factor chosen in order to match the usual field theoretic definition of g r (N ) 25 and v denotes the volume per lattice site (v = 1 for the sc lattice and v = 4/3 √ 3 for the bcc lattice).
In the vicinity of the critical point g(N, β) is expected to behave as
as τ ↓ 0, with
The Gunton-Buckingam 51-53 inequality
together with the Lebowitz 54 inequality χ 4 (N, β) ≤ 0, implies that g(N, β) is a bounded non-negative quantity as τ ↓ 0. The vanishing of g(N, β c ) is a sufficient condition for Gaussian behavior at criticality, or, in lattice field theory language, for "triviality"
49 of the continuum field theory defined by the N −vector lattice model in the critical limit. If χ 4 (N, β) is nonvanishing and the above inequality holds as an equality (the hyperscaling relation)
namely g(N, β) tends to the nonzero limiting value g r (N ) as τ ↓ 0.
For checking purposes it is useful to recall here the large N limits of the critical amplitudes. They have been computed 19 long ago
withβ sc c (∞) = 0.2527310098.. and
withβ bcc c (∞) = 0.1741504912.. Moreover, we recall that, since in the large N limit
where q is the lattice coordination number, we have C 
III. ANALYSIS OF THE SERIES
As mentioned in the introduction, a variety of careful analyses [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] of the Ising model HT expansions as well as our study of the recently extended N -vector model series 3 , suggest that the non-analytic confluent corrections to the leading critical behavior of the thermodynamic quantities, indicated in the asymptotic formulas(3),(5), (7), etc. exist and should not in general be neglected in computing numerical estimates of the critical parameters. It has long been observed [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] 55 that these corrections reveal themselves as small apparent violations of both universality and hyperscaling in a naive pure power law analysis of the critical behavior. However it is also well known 31, 32 that, unless very long HT series are available, extracting simultaneously estimates for β c , the exponents and the amplitudes of the critical and of the subleading singularity is a difficult and unstable numerical problem. For this task the inhomogeneous DA method 56 of series analysis is generally believed to be more effective than the traditional and simpler Padé approximant (PA) method, because, at least in principle, it might be flexible enough to represent functions behaving like φ 1 (x)(x − x 0 ) −ω + φ 2 (x) near a singular point x 0 , where φ 1 (x) is a regular function of x and φ 2 (x) may contain a (confluent) singularity of strength smaller than ω. Unfortunately, in practice, this is not completely true: very long series are needed anyway and/or the procedure should be biased by choosing very carefully the structure of the approximants and by giving proper inputs. We have followed here the latter approach. As in some of our previous studies 3, 57 , beside more standard procedures of analysis, we have employed a doubly biased prescription which assumes that the confluent exponent θ and the inverse critical temperature β c are accurately known. This procedure seems to perform reasonably well, even with not very long series. We have taken the values of θ(N ) as estimated by the FD renormalization group method. More precisely, for N ≤ 4, we have used the values suggested by Guida and Zinn-Justin 21 , and for N > 4, we have used the six loop estimates recently obtained by A. I. Sokolov 58 and kindly communicated to us before publication. These values are reported in table 1. We also have assumed that the critical temperatures β # c (N ) have been determined accurately enough in our previous study of the susceptibility 3 . Let us now recall in some detail the features of the simplified DA method. We wish to approximate some function, given as a series expansion around β = 0 and expected, when β ↑ β c , to have the form
We assume that β c and the real positive exponent θ are accurately known, and that b(β) and c(β) are analytic at
We shall estimate the function f (β) and therefore the constants b 0 and c 0 by the particular class of first order inhomogeneous differential approximants F (β) defined as the solutions of the equations
with the initial condition F (0) = f 0 . Q m (β) and R n (β) are polynomials of degrees m and n respectively, whose coefficients are calculated, as usual, by imposing that the series expansion of F (β) agrees with that of f (β) at least through the order β m+n+1 . In addition the normalization condition Q m (0) = 1 is imposed. Assuming for simplicity 0
and the amplitude c 0 of the subleading term in Eq. (21) is estimated by the formula
where
We shall consider only the "almost diagonal" approximants with |m − n| ≤ 4. The approximants defined by (22) are just a small subclass of the general first order inhomogeneous DA's
biased with β c and with θ by imposing P l (β c )/Q m (β c ) = θ βc . Still assuming 0 < θ < 1, we can estimate b 0 and c 0 from (26) as follows (28) where
and D (m;n,l) (t) has the same form as (25) . The simple formulas (23) and (24) are recovered from the general formulas (27) and (28) by subjecting P l (β) to the further strong constraint P l (β) ≡ θ βc Q m (β). This prescription, which, for short, we will refer to as simplified differential approximants (SDA's) might also be viewed as a simple DA-like generalization of the biased PA method introduced in Refs. [59] [60] [61] . We have carried out many numerical experiments on simple model series having the analytic structure (21) . They show that the SDA's, when biased with the exact values of β c and θ, are able to produce very accurate estimates of b 0 and fairly accurate estimates of the confluent amplitude c 0 . In practice however, we do not have strict control on the series: only approximate values of β c and θ are available for biasing the SDA's and we do not know the strength of the subleading correction terms and of the smooth background. Therefore it is important to understand how sensitive are the estimates of b 0 and c 0 to the errors in the biased inputs and how they depend on the structure of the singularity. It turns out that the estimates of b 0 are rather stable when the biased value for β c and for θ are varied away from their true values in a range comparable to the typical estimated uncertainties in the realistic cases. On the other hand, c 0 appears to be much more sensitive to errors in the biased values. Let us consider, to be definite, the case of the very simple test series (24) to within less than 1%. However, if the SDA's are biased with a value of θ which is off the right value by 5%, then the relative error of c 0 can become as large as 15%, while the error of b 0 increases to some 0.1%. The precision of b 0 remains essentially unchanged, but the sensitivity of c 0 to variations in the biased values and, as a consequence, the accuracy of its estimate is somewhat worsened in the slightly more complicated, but sometimes realistic case in which | c 1 |≈| c 0 |. Unsurprisingly, the worst situation occurs when the leading confluent amplitude is much smaller than the subleading one, since the uncertainty in the numerical estimate of c 0 may then become very large. In conclusion, taking a conservative attitude, we can safely expect that, for the HT series we are going to study, the relative error on the value of f (β) at β c can be much smaller than 1%, while the uncertainty of the correction amplitude can be as large as 20%, unless the amplitude is very small: in this case, due to a higher sensitivity to the biased values and/or to the neglect of possibly important subleading corrections, our estimates are likely to be much more inaccurate. In order to better understand these results let us also observe that, if we tried to estimate b 0 in (30) by simple PA's biased with β c , the relative error would be substantially larger and increasing with the size of the correction amplitude. Finally, we remark that in all computations presented below, the error estimates are always somewhat subjective. They include effects both from the scatter of the approximant values, possible residual trends in sequences of estimates, as well uncertainties of the bias inputs.
We have applied the SDA approximation procedure not only to the quantity g(N, β) in order to compute the confluent amplitude a g (N ), but also to the "effective exponent" of χ 4
in order to compute the critical exponent and the confluent amplitude a 4 (N ).
Moreover we have examined the analogous quantities
in order to compute the confluent amplitude a χ (N ), and
in order to compute a ξ (N ). Notice that the estimates thus obtained for the confluent amplitudes a χ , a ξ , and a 4 are biased solely with β c and θ. However, due to their definition as residua, the sensitivity of the results to the biased value for β c is higher than in the case of g r .
The estimates of the critical amplitudes have been obtained by examining quantities like
or the analogous expressions for χ 4 and ξ 2 . This procedure also yields the correction amplitudes, but since it requires biasing also with the critical exponent γ(N ) (or ν(N) etc.), we expect that the corresponding results will be subject to a larger uncertainty.
In conclusion, whenever sizable confluent corrections are present, the doubly biased SDA procedure will produce values of g r (N ) which are slightly, but definitely different from estimates by generic DA's not directly constrained to reproduce the confluent singularity and, a fortiori, from the simple PA estimates. Indeed, since θ < 1, the function g(N, β) will approach with a divergent slope its value at β c (N ), from above if the correction amplitude is positive or, otherwise, from below. As a consequence, too smooth extrapolations of g(N, β) to the critical point β c would overestimate the correct result in the former case and underestimate it in the latter. Analogous problems will occur in the study of the exponents and of the correction amplitudes for χ, µ 2 , χ 4 , the only difference being that, since in the formulas for the effective exponents (31) , (32) and (33) the correction amplitudes appear with a negative sign, the critical exponents will be overestimated if the amplitudes are negative and they will be underestimated otherwise.
Let us add finally that throughout our work we have not relied solely on the above numerical technique, but we also have always considered various other approximations obtained by more conventional methods in order to understand, or at least to be aware of any differences in the estimates.
IV. RESULTS AND COMMENTS
Since our analysis is aimed at exposing the role of the non analytic corrections to scaling, it is desirable firstly to test whether the values of the confluent exponents taken from the FD perturbative computations are also generally consistent with the estimates, unfortunately not yet as precise, which can be extracted directly from the HT series. Indeed, as we have mentioned above, the amplitudes of these corrections are not universal and therefore they might be negligibly small. One might even suspect that our analysis is somehow artificially forcing on the series a behavior, which, due to their insufficient length, they are not yet able to exhibit. On the other hand, it has been argued that the uncertainties usually quoted for the FD values of the renormalized couplings and of the confluent exponents might be unrealistically small 31, 44, 50, 62 . In fact, one should recall that in the context of the three-dimensional λ( φ 2 ) 2 field theory, the confluent exponent is computed in terms of the slope of the beta-function at the fixed point g r (N ). As indicated in Refs. 21, 31, 44 , the presence of non-analytic terms, with sufficiently large amplitudes, in the expansion of the beta-function at g r (N ), might spoil the convergence of the estimates both of the renormalized couplings and of the confluent exponents. The ensuing uncertainties would reflect on the accuracy of the estimates of the critical exponents. Moreover the g−expansion of the critical exponents would itself be directly affected by similar non-analytic contributions. The pragmatic point of view adopted in Ref.
21 is that if these singular terms exist, they do not seem to have visible effects.
Let us then show that the values of θ(N ) reported in Table 1 Table 1 . Also the values of the correction amplitudes, are compatible with those emerging from the SDA analysis to be discussed below. Moreover, the results are rather stable in a relatively wide range of biased values for β c . We regard this as convincing evidence that the confluent corrections 
A second consistency test can also be performed. On both lattices and for each value of N , we have studied how our SDA estimates of g r (N ) depend on the biased value used for the confluent exponent by varying it in a 20 − 30% range around the central value θ(N ) indicated in Table 1 . For all values of N such that the confluent amplitudes are not too small, it has been quite interesting to observe that, although the estimates of g r (N ) obtained from the sc and the bcc series are in general somewhat different for a generic value of θ, they tend to become equal, or at least very close, when θ θ(N ).
These two tests give us further confidence that the main lines of this analysis and the specific biased values of θ used as inputs are reasonable.
A. Hyperscaling tests
We shall now proceed to examine directly χ 4 (N, β) in order to estimate its critical exponent γ(N ) + 2∆ 4 (N) and to compare it with the value 2γ(N ) + 3ν(N) it should take if the hyperscaling relation (16) In the N = 1 case, the tests of the hyperscaling relation (16) are numerous and have a long history 35, 65 . The validity of (16) for the 3d Ising model had been questioned by G. A. Baker 9, 66 on the basis of an analysis of 10-12 term series for the sc, bcc and fcc lattices. A few years later, when B. G. Nickel computed O(β 21 ) series on the bcc lattice for χ and µ 2 in the spin S Ising model, it became clear that rather long series were necessary to allow for the scaling corrections and thus to obtain more satisfactory estimates of γ and ν [31] [32] [33] 36 . On the other hand accurate analyses of the critical behavior of the χ 4 (1, β) series to order β 17 on the sc lattice 14, 15, 57, 67 had yielded reliable values also for ∆ 4 (1). On the basis of these results, as well as of various recent Monte Carlo results 68-70 a common consensus was reached that, for N = 1, if any violation of (16) occurs, it should be much smaller than was initially suspected. Our contribution to this issue also consists in providing an extension from order β 13 to order β 17 of the Ising bcc series for χ 4 , and therefore in further improving the accuracy of the HT test of hyperscaling and universality even for the widely studied N = 1 case.
B. Renormalized couplings
Let us first mention that, since ξ 2 = O(β) in the vicinity of β = 0, from the series for χ, ξ 2 and χ 4 we can form two distinct auxiliary functions w(N, β) and u(N, β), analytic at β = 0, both of which, when extrapolated at β c yield g(N, β c ) and therefore g r (N ), if we assume the validity of the hyperscaling relation. More precisely we shall consider:
whose value at β c (N ) is g r (N) −2/3 , and
whose value at β c (N ) is g r (N). It is interesting to form approximants both of u(β) and of w(β) because for various values of N , at the presently available order of expansion, they still show slightly different convergence properties. This may be seen as an indication that the χ 4 series are still not very long. Indeed, as we have argued in Ref. 57 , at order β s the dominant contributions to the HT expansion of χ 4 come from correlation functions of spins whose average distance is ≈ s/4. Therefore the presently available expansions with s max = 17 still describe only a rather small system. Table 3 contains our estimates of the universal renormalized coupling g r (N ).
For N ≤ 4 we have evaluated g r (N) by forming SDA's of the auxiliary function w(N, β), which has been chosen because it yields sequences of estimates showing little or no residual trends when an increasing number of series coefficients is used. On the other hand, for N > 4, we have used u(N, β) because the estimates obtained from it show the slowest (generally decreasing) residual trends. Whenever relevant, we have indicated this fact by reporting asymmetric error bars.
In the N = 0 case, allowance for the correction to scaling yields a value of g r (0) approximately 2% smaller than the one recently obtained within the FD expansion 21 , but very close to the value suggested 44 by the −expansion. Our value is also close to that indicated in Ref. 20 and produces, via the seven loop FD perturbation series, central values of γ(0) and ν(0) ≈ 0.2% lower than those quoted in Ref.
21 , but within their error bars. It is also worth recalling that also our earlier HT analysis 3 of χ(0, β) and ξ 2 (0, β) had supported those low exponent estimates in good agreement with very recent high precision measures by stochastic methods on the sc lattice 71 . For N = 1, on the sc lattice, we have reported here a central estimate of g r (1) slightly lower than, though consistent with the estimate g r (1) = 1.411 obtained from our previous analysis 57 based on SDA's of u (1, β) , rather than of w (1, β) .
A small sample of the most recent estimates of g r (1) by various methods has also been included in the table. All of them appear to be mutually consistent, if we consider how difficult it has been to achieve very accurate Monte Carlo measures of g sc r (1) 68-70 and we recall that, even in the Ising case, the previous HT series estimates 72 of the renormalized coupling were based on expansions shorter than those presented here. Indeed, although χ 4 (1, β) on the sc lattice has long been known through order β 17 , the corresponding expansion for the renormalized coupling was not available before our recent work 3, 57 , because ξ 2 (1, β) reached 16 only order β 15 . On the other hand the χ 4 (1, β) series for the bcc lattice was known to order β 13 only. To our knowledge, no Monte Carlo results are yet available for N > 1. For N ≥ 3 our estimates are systematically slightly higher than the FD values of Refs. 21, 58 , and perhaps the residual decreasing trend in our estimates might not be sufficient to reconcile them. This difference is related to our allowance of the scaling corrections by doubly biased SDA's and is consistent with the higher values of γ and ν that we had obtained in our biased analysis 3 of χ and ξ. As we have stated above in discussing the general features of the SDA's, significantly larger estimates for N < 4 and somewhat lower estimates for N ≥ 4 would be obtained, if the renormalized couplings were evaluated by simple PA's. This fact is completely consistent with the observed behavior of the correction amplitudes as functions of N to be discussed in next subsection. A similar observation has been made also in Ref. 44 where, on the basis of the old sc lattice O(β 14 ) series 5, 6 , the g r (N) have been evaluated by ordinary DA's, either directly or after performing a change of variable [59] [60] [61] designed to regularize the leading correction to scaling and numerically similar to our SDA's. Therefore the final HT estimates of Ref.
44 essentially agree with ours. We have included in table 3 some estimates of g r (N ) based on the -expansion to order 4 recently presented in Ref. 44 . They are compatible with ours for N < 3, while, for N ≥ 3, the central values are ≈ 2% lower.
C. Critical and correction amplitudes
In tables 4 and 5 we have reported our estimates of the (non-universal) critical amplitudes C 3 . Earlier determinations of the critical amplitudes either from the extrapolation of (generally shorter) HT series or from stochastic simulations are also available for N = 1 in Refs. 72, 73 , for N = 2 in Ref. 74 , and for N = 3 in Ref. (2), from the analysis of ξ. As has been stressed in general in Ref. 38 and as we have anticipated in our considerations of Section 3 on the numerical properties of SDA's, the discussion of the estimates of the scaling correction amplitudes is much more delicate. Let us first comment on some qualitative features of the estimates of these amplitudes for the sc and the bcc lattices which are denoted as a It is appropriate now to quote some earlier evaluations of a χ and a ξ by HT series or Monte Carlo simulations. In the N = 1 case, it had been established 35, 36, 38, 76 long ago that the sign of a χ (1) and of a ξ (1) is negative on the sc, bcc and fcc lattices. In Ref.
36 , for the spin 1/2 Ising model on the bcc lattice, the estimates a (4) . Clearly, in both cases the critical parameters are slightly different from ours and this is sufficient to explain the somewhat different estimates for the correction amplitudes.
In the spin 1/2 Ising case, it has been argued long ago 31 that a bcc g (1) should be large. Recently 44 , it also has been observed that, if the sc lattice Monte Carlo data of Ref. 70 are simply fitted by the function g r (β) = g * (1 + a g τ 1/2 ), the value a sc g (1) ≈ 1.13 is obtained in fair agreement with our own estimate. In table 7 and 8 we have listed some earlier estimates of the universal ratios a ξ (N )/a χ (N ) and a g (N)/a χ (N ) of correction amplitudes obtained by various methods 20, 25, 36, 67, [77] [78] [79] . We believe that, for N < 4, it is not very meaningful to quote the ratios of our central estimates of a ξ , a χ and a g . Indeed, as we have already pointed out, for these values of N , the amplitudes a ξ , a χ are small and very sensitive to the biased inputs. As a consequence, these parameters must be finely tuned, which cannot be justified until longer series will be computed. We shall indicate below a possible alternative way out of this difficulty. However, the case N = 1 deserves further comment. In this case, on the sc lattice, a very accurate 80 determination of β sc c (1) is available, and also the value of β bcc c (1) 36 appears to be sufficiently safe, so that the ratios of our central estimates of the amplitudes are more trustworthy and we have reported them in parentheses.
It is interesting to recall also that, for N = 1, suggestions that a g /a χ should be large came both from earlier HT estimates 76 on the fcc lattice (a fcc g (1)/a fcc χ (1) ≈ 3.9) and from the RG estimates reported in Table 8 . This is a further hint that the corrections to scaling should not be neglected in computing g r (1) .
Unfortunately, the -expansions of these universal ratios presently only extend to second order 77, 78 , so that again we have to point out that the uncertainty of the corresponding estimates might be larger than indicated. As we have mentioned above, even the estimates of these ratios from the much longer FD expansions 20,79 might have problems. For N < 4, as already observed, all series including ours are too short to accurately extract the correction amplitudes. This is particularly the case for χ 4 . Moreover, when longer series become available, our approximation procedures might need some improvement. Nevertheless these first results from HT series on an extended range of values of N seem to be qualitatively very reasonable.
As an indication of work in progress, we wish to add that, even within the present order of expansion, somewhat more accurate estimates of the critical parameters are likely to be obtained by proceeding systematically in the spirit of the Chen, Fisher, Nickel and Rehr approach 35, 36 . In the N = 1 case on the bcc lattice, these authors have examined HT series for families of models specified by an appropriate continuous auxiliary parameter. The members of these families interpolate between the spin 1/2 Ising and the Gaussian model and all of them are good candidates for belonging to the same universality class. (This approach easily generalizes, in various ways, to other values of N and it is a virtue of the LCE method that the corresponding series can be derived essentially with no further computational effort.) By varying the auxiliary parameter, these authors have selected representative models such that the leading correction amplitudes a ξ , a χ (and a g ) vanish. It is clear that, under these conditions, even by employing ordinary unbiased DA's, the accuracy of the estimates of the universal quantities can be improved dramatically. On the other hand, within the same approach, it is probable that also the correction amplitudes will be more accurately measured by focusing on representative models in which they are sufficiently large, provided, of course, that the subleading terms are not even larger. Thus more reliable estimates might be achieved for their universal ratios, in particular in the range N < 4.
V. CONCLUSIONS
The main result of this paper is the extension through O(β 17 ) of the series for χ 4 (N, β) , for arbitrary N , on the sc and on the bcc lattices. Both sets of expansion coefficients have been tabulated in the appendix in order to make independent checks of their correctness and alternative analyses conveniently feasible.
A second interesting result is the numerical analysis of the critical behavior of χ 4 (N, β) which confirms fairly well the validity of universality and hyperscaling over a wide range of values of N . We have also presented a first estimate of the size of the scaling corrections for χ, ξ 2 and χ 4 and, allowing for them, we have improved the accuracy in the determination of the critical amplitudes and of the renormalized couplings.
The agreement between our estimates of g r (N ) and those from the RG approaches is generally fair, but not always perfect. At this level of approximation, it is premature to emphasize such minor discrepancies. We believe, however, that longer HT series for all quantities studied here and perhaps improved analyses are still of some interest to achieve more reliable estimates and to reduce the error bars substantially. Considering the performance of our codes, these are presently quite realistic objectives and, therefore, work is presently in progress to compute further expansion coefficients.
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APPENDIX A: THE SECOND FIELD DERIVATIVE OF THE SUSCEPTIBILITY ON THE SC LATTICE
The HT expansion coefficients of the second field derivative of the susceptibility
For the coefficients which follow it is typographically more convenient to set d r (N ) = P r (N)/Q r (N ) and to tabulate separately the numerator polynomial P r (N ) and the denominator polynomial Q r (N ), 
APPENDIX B: THE SECOND FIELD DERIVATIVE OF THE SUSCEPTIBILITY ON THE BCC LATTICE
The HT expansion coefficients of the second field derivative of the susceptibility on the bcc lattice are 
